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1. Tran Thi Nguyét Anh-Ha Noi  7arac
Tiéu dé: Bai du thi giai toan vecto bang nhiéu cach
Ho va tén nguoi dy thi: Tran Thi Nguyét Anh

bia chi: Tan Hoi, Dan Phuong, Ha Noi
S6 dién thoai: ...22

Tép tin dinh kém: Chimg minh rang: Véi bén diém bat ky A, B, C va D ta ludn c6

Vecto: AB —- +CD - =AD —- +CB —

vecto: AB+CD=AD+CB (1)

-Cach 1:
c1- (O Cl
< AB-AD=CB-CD
o DB =DB
> PPCM cC1
c2- (@)

< AB+BD+CD=AD +CB +BD
© AD+CD=AD+CD
- DPCM C2
G3. (1)
< AB-CB=AD-CD
© AC=AC
- DPPCM C3
G4. CO:VT=AB+CD=AC+CB+CD=(AC+CD)+CB=AD+CB=VP c4a
- DPPCM
C6:VP=AD+CB=AD+CA+AB=CD +AB
G5=G4 - DbPCM

-Céch 2: Ap dung quy tic hinh binh hanh . Cho hbh ABCD

G6 . cOVT=AB+AC=0
VP=AD+CB=0 SAl

-> bPCM

G7 - (1)
> (AB+AD)+CD:AD+(AD+CB) SAI
< AC+CD=AD
- DPCM
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3. Pham Bic Phi - Nam Pinh 16G/13C
BAI DU THI GIAI TOAN VECTO BANG NHIEU CACH

Ho va tén nguoi du thi: PHAM BAC PHU
Dia chi: Giao vién Toan — Truong THPT A Hai Hau.
S6 dién thoai: ...20.

Tép tin dinh kém: duthi-PBP.doc
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Phan mét
Nhirng cach giai khac nhau cho mét bai toan chirng minh ding thire vecto.
Pé bai:

Chitng minh ring véi bén diém bat ki A, B, C, D, ta ludn c6: AB+CD = AD +CB.

Pham vi kién thire duge ding dé giai: Chi dwgc dung céac kién thuc o:

Bai 1. Cac dinh nghia va Bai 2. Téng va hi€u cua hai vecto trong Sach giao khoa Hinh hoc 10, NXB Giao duc, tir 2006 tro lai day.

hodc

Bai 1. Céc dinh nghia, Bai 2. Téng cua cac vecto va Bai 3. Hiéu cia hai vecto trong Sach gido khoa Hinh hoc 10 Nang cao, NXB Gi4o
duc, tir 2006 tro lai day.

Céach 1: [Thuc hién bién d6i mat vé, bién vé nay thanh vé kia]

Phwong an 1.1- Bién ddi vé tréi thanh vé phai.
G1  Véibén diém A, B, C, D bat ki, ta c6:
AB+CD = (AD + DB) + (CB + BD) (theo quy tic ba diém)
= AD +CB + (DB + BD) (theo tinh chét giao hoéan, phan phdi)

=AD+CB+DD=AD+CB+0=AD+CB (theo tinh chét tdng cia mot vecto
véi vecto-khong)

Vay c6 diéu phai chizng minh. C1

Phwong an 1.2-Bién déi vé phai thanh vé trai.
G2=G1Voi bén diém A, B, C, D bét ki, ta co:
A—D+a?>=(A—B+ﬁ))+(@+D—B)
:rB+CT)+(ﬁ)+ﬁ3) =AB+CD+BB=AB+CD+0=AB+CD
(Ppcm).

Cé4ch 2: [Bién d6i hai vé vé cuing mét biéu thirc gidng nhau]

Phwong an 2.1-DUng quy tic ba diém, “chen diém A” (Iam xuét hién cac vecto c¢é diém
dau la A).

G3 *Taco: AB+CD=AB+(CA+AD)=AB+AD+CA (1).
* Lai c6: AD+CB=AD+(CA+AB)=AB+AD+CA (2).
* Tir (1) va (2) suy ra AB+CD=AD+CB (Ppcm). C2

Phwong 4n 2.2-Dung quy tic ba diém, “chen diém O bt ki”.
Ga  Vé6iOladiém tay y:
*Taco: AB+CD=(AO+OB)+(CO+0D)=A0+CO+0B+0D (3).
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* Lai c6: AD+CB = (AO+0D)+(CO+0B)=A0+CO+0B+0D (4).
* T (3) va (4) suy ra AB+CD=AD+CB (Ppem).  C3

Phwong 4n 2.3-Dung quy tic hiéu, [am xuét hién cac vecto chung diém dau O nao do.
o5 Vé6iOladiémtayy:

*Taco: AB+CD=(OB-0A)+(0OD-0C)=0B+0D-0A-0C (5).

* Lai c6: AD+CB = (OD-0A)+(OB-0C) = 0B+0D-0A—-0C (6).

* Tt (5) va (6) suy ra AB+CD=AD+CB (Ppem).  c4

Nhén xét:

i) Ban chdt cdc phiong dn 2.1, 2.2, 2.3 la nhir nhau. Chiing ta ¢é thé chon O la mét trong ba
diém cu thé con lgi 1a B, C, D ciia bai todn (ta da chon O la A trong phuong dn 2.1); két hop
véi vige ding mgt trong hai quy tdc ba diém, quy tac hiéu sé tao ra cdc phwong dn gidi cO
hinh thizc thé hién khac nhau niza, dé nghi ban doc tu trinh bay tlep

i) Ta de y thay mét dieu: O biéu thirc Ve trai c6 A va C la hai diém dau, B va D 1a hai diém
CUdI Ciia cdc vecto, khi chuyén sang vé phdi diéu nay van bdo todn! Pdy la co sé dé ta c6 bai
todn khdi quat va cdc bai toan twong t! Ching ta sé ban thém diéu nay trong phan hail

Phwong an 2.4-Sir dung cip diém méi c6 tinh chit twa nhu trung diém.

* \/4i hai diém A, C cho trudc, ton tai diém M sao cho AM+CM =0. That vay: Néu A
tring C thi chon M 12 A; néu A va C phan biét thi ta chon M 14 trung diém ciia doan thang AC.

Tuong tu, ton tai diém N thoa mén NB+ND=0.

ce  *Taco:
AB +CD = (AM +MN + NB) + (CM + MN + ND) = (AM + CM) + (NB+ ND) + MN + MN
=0+0+MN+MN=MN+MN (7).
Lai c6:

AD +CB = (AM + MN + ND) + (CM + MN + NB) = (AM + CM) + (NB + ND) + MN + MN

=0+0+MN+MN=MN+MN (8).
* Tt (7), (8) suy radpcm: AB+CD=AD+CB. C5

Cach 3: [Dung phuong phap xét hiéu, dé chitng minh hai vecto bing nhau ta chieng
minh hiéu cia chiing bang vecto-khong]

Phuwong an 3.1-Xét hiéu giira biéu thirc vé trai va biéu thic vé phai.
G7  Tacé: (AB+CD)—(AD+CB)=(AB—AD)+(CD-CB)=DB+BD=DD=0
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Suyra AB+CD=AD+CB (Ppcm). C6

Phwong an 3.2- Xét hiéu giira biéu thirc vé trai va biéu thirc vé phai
G8 Taco:

(AB +CD) - (AD + CB) = (AB-CB) + (CD - AD)
=(AB+BC)+(CD+DA)=AC+CA=AA=0

Suyra AB+CD=AD+CB (Ppcm).  C7

Phwong an 3.3-Xét hiéu giira biéu thirc vé phai va biéu thirc vé trai.
G9=G7 Tac6 (AD+CB)—(AB+CD)=(AD-AB)+(CB—CD)=BD+DB=BB=0
Suy ra AB+CD =AD+CB (Ppcm).

Phwong an 3.4-Xét hiéu giira biéu thirc vé phai va biéu thic vé trai
G10=G8 Taco:

(AD +CB) - (AB+CD) = (CB- AB) + (AD —CD)
=(CB+BA)+(AD+DC)=CA+AC=CC=0

Suy ra AB+CD=AD+CB (Ppcm).

Cach 4: [Bién d6i twong dwong dang thirc can chirng minh vé mét dang thire ding]

Xét dang thirc cAn chitng minh: AB+CD = AD+CB (*).

Phuwong 4n 4.1-Cong ddng thoi mdi vé cia (*) véi DB ta co:
Gll (*)< AB+CD+DB=AD+CB+DB
< AB+(CD+DB) = (AD+DB) +CB
< AB+CB=AB+CB (**)

Thay (**) 1a dang thirc dung nén (*) 1a ding thirc dung, c6 Ppem.

C8
Phuwong 4n 4.2-Trir ddng thoi mdi vé cia (*) véi AB ta co:
Gl2 (*)«<> AB+CD-AB=AD+CB-AB
< CD=(AD-AB)+CB«< CD=BD+CB
< CD=CB+BD < CD=CD (***)
Thay (***) 1a dang thie dang nén (*) 1a dang thire ding, c6 Ppem.  C9

Nhirng phwong an twong tw khac ban doc c6 thé trinh bay tuong tu, chang han:
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- Ta c6 thé cong dong thoi mdi vé véi mot trong cac vecto sau sé& thu duoc mot dang

thire dung tuong duong: BA, BC, BD, DA, DB, DC, CA, AC.
- Tacd thé trir dong thoi mdi vé vai mot trong cac vecto sau s& thu duoc mot dang thic

—_— — — —s —s —s —  —

dung tuong duong: AB, AC, AD, CA, CB, CD, DB, BD.

Cach 5: [Bién do6i twong dwong hoic bién d6i hé qua mot dang thirc ding vé ding
thiac can ching minh]

Thuc chdt cia cdch nay la trinh bay ngwoc lai c&c bién doi & cdch 4, do do6 c6 thé sir
dung mér dang thice diing thu dwoc trong mét phirong dn nao dé di néu & cach 4, hodc mgt
dang thirce diing khdc, roi bién doi twong dweong hodc bién doi hé qud vé dang thirc (*) can
chizng minh. Ta minh hoa bang ba phwong dn sau:

G13

_— R _ _ —

Suy ra: AB+CD =—(DA+BC)=-DA-BC=AD+CB (Ppcm). C10

G14 o , S
Phwong an 5.2. Véi bon diem A, B, C, D bat ki, luén c6: AC=AC hay AB+BC=AD+DC .
Suyra; AB—DC=AD-BC hay AB+CD=AD+CB (Ppcm). c11

G15 -

Phwong 4n 5.3. V6i bon diém A, B, C, D bat ki, luén c6: DB=DB hay AB-AD=CB-CD .
Suyra; AB+CD=AD+CB (Ppcm).  C12

Ta ciing c6 thé xudt phat tr cac diang thac khac, vi du AB=AD+DC+CB;
CB=CD+DA+AB, ...ban doc tu trinh bay.

Céach 6: Goi M va N 1a cac diém thoa man diéu kién (9):

G16 BM =CD
{DN -CB
Khi d6 c6 vé trai cua (*): AB+CD =AB+BM =AM,
vé phai cua (*): AD+CB=AD+DN =AN.
Dé chung minh (*), ta chitng minh AM = AN hay ching minh M= N
That vay, tir (9) (cong chéo vé) suy ra CB+BM=CD+DN <« CM=CN < M=N.
Vay (*) dugc chirng minh xong. C13
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Phan hai
M@t s6 van dé ban luan thém tir nhirng 1o giai trén.
A. Tir phwong an giai 2.3 ta di dén bai toan khai quat:

Cho 2n diém tdy ¥ Ay, A,, ..., An, By, B, ..., Bn. Goi | = {1; 2; 3; ...; n} 1a tap chi sb. Khi d6
céc vecto tong c6 dang Y A;B; déu bang nhau.

i,jel

Ch#ng minh:
Xét O 1a diém bat ki, theo quy tac hiéu ta c6: A,B; =0B,; —OA,,Viel,Vjel.

Do dé Y AB;=Y (0B,~0A)=Y0B,-Y OA =(OB,+0B,+..+0B,)-(0A, +O0A, +..+OA,).

i,jel i,jel jel iel

Vay céc vecto tong dang Y’ A;B; déu bang nhau.

i,jel

Xét trwong hop riéng cho 6 diém, ta co két qua bai tdp 20 — Trang 18 — SGK Hinh hoc Nang
cao 10 nhw sau:

Cho sau diém A, B, C, D, E, F. Chitng minh rang:
AD+BE +CF =AE+BF+CD=AF+BD+CE.

B. Viéc nam duoc “nguyén tac bao toan” diém dau va diém cudi cia cic vecto khi chuyén tir
Ve no sang veé kia co thé giup hoc sinh tra loi nhanh bai tap trac nghiém, vi du Bai 6 — Trang 36
— SGK Hinh hoc Nang cao 10 nhu sau:

Cho bbn diém A, B, C, D. Biang thirc nao dudi diy dung?
(A) AB+CD=AC+BD (B) AB+CD=AD+BC
(C) AB+CD=AD+BC (D) AB+CD=DA+BC

- Hoc sinh thugc san dang thic sé biét (B) 1a dap an.

- Hoc sinh biét dau hiéu s€ loai trir duoc (A), (C), (D). Chang han trong (A), diém C 1a diém dau
bén vé trai thi sang vé phai né 1a diém cudi, do d6 dang thic khong thé xay ra cho moi bo bdn
diém A, B, C, D duoc!

C. Thuc chat phwong 4n giai 2.4 dan ta téi két qua sau:
C1l-

Cho bon diém A, B, C, D véi M la trung diém cia doan thang AC, N 1a trung diém cta doan
thdng CD. Ta c6: AB+CD=AD+CB =2MN.

C2- Dgc biét hoa:

Ching minh ring AB=DC khi va chi khi trung diém cta hai doan thing AC va BD trling
nhau.

(Pdy la bai todn phdt biéu tuwong tir nhw Bai tdp 19 — Trang 18 — SGK HH Ncao 10)
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C3- Téng quat:

Goi M la trong tam caa hé n diém A, A,, ..., A, va N 1a trong tdm cua hé n diém By, B, ..., B,
Ta c6 dang thuc: Y AB;=n.MN.

i,jel

D. Trong cach 6, sy ton tai cta hai diém M, N théa man BM =CD, DN =CB khi da cho cac
diém B, C, D, duoc khang dinh dua trén két qua caa Hoat dong 2 — Trang 8 — SGK HH Ncao
10:

Cho vecto a va mot diém O bét ki. Khi do tdn tai duy nhat diém A sao cho OA =a.

Suy ra hé qua:

OA=0A'>A=A".

Hé qua nay ciing duoc sir dung hai 1an ngay trong loi giai cua cach 6.

E. Trong cac céch 3, 4, 5, thuc chat ta da sir dung c4c bién doi twong duong sau chua duge dé
cap thanh tinh chat mét cach ré rang trong SGK:

iii)a=b<a-x=b-x.

iv) a=b+x<a-x=b.

Nhu vay van dé dit ra 1a ta s& chitng minh cac tinh chat 6 nhu thé nao? O déy t6i xin
trinh bay mot cach chirng minh cho i) dya trén hé qua da néu trong muc D & trén, cac bién doi
con lai rat mong su trao doi tur cac ban!

Pit a=0A, b=0B. Khi do:
a=b khi va chi khi OA=0B hay A va B triing nhau.
a—b=0 khivachikhi OA—OB=0 hay BA =0 hay A va B triing nhau.

Vay co 5:6<:>5—6:6.Tu:0ngtu: a=b<b-a=0,trdé suy ra Ppcm.

F. Bé két thic bai viét, ta nhac lai mot sd dinh hudng tong quat giai quyét bai toan ching minh
dang thirc nhu sau:

1. Xét hiéu hai vé.

2. Bién doi mét vé, dwa vé nay thanh vé kia (VT thanh VP, VP thanh VT).

3. Bién doi dong thoi hai vé vé cling mét biéu thizc trung gian (VP = a = VT).

4. Bién doi tuwong dwong dang thirc can chitng minh vé mér dang thice diing da biét.
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5. Bién doi tuwong dwong hodc bién doi hé qua tir mét dang thire diing da biét vé dang thirc can
chizng minh.

6. Nhitng phwong phdp khac...

Hai Hau, ngay 28 thang 8 nim 2013.
Pham Bic Pha-HHA
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4. Tran Vin Ta - Nam Pinh  ec/sc
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5. Pang Ngoc Tuan - Quang Binh  10c/ac

Bai du thi giai toan véc to bang nhiéu cach
Ho va tén: Bang Ngoc Tuén
Dia chi : Buc Son-birc Ninh-Bong Héi —Quang Binh
Sé dién thoai : ...16
Dé bai: Chitng minh rang : Vi bén diém A,B,C,D bat ki ta ludn c6:

AB+CD=AD+CB

Bai Giai

Cachl: @1
AB+CD = AD+CB < AB— AD =CB-CD <> DB = DB ( hién nhién dting )
Vay: AB+CD=AD+CB C1
Cach2: G2
ﬁ+@=ﬁ+@@(E+ﬁ)+@zﬁ+@@ﬁ+ﬁz@ (hién nhién dung )
Vay . AB+CD=AD+CB C2
Cach3: @3
E+®=E+@@E+Cﬁ+%=ﬁ+(@+ﬁ)zﬁ@Ezm ( hién nhién ding )
Vay : AB+CD=AD+CB C3
Cach4: G4

V6i bon diém A,B,C,D bat ki nén ta gia sit ¢6 it nhat ba diém khong thang hang .Khong mat tinh tong
quat , gia sir co6 ba diem A,B,C khdng thang hang

Khi d6 ta dung hinh binh hanh OABC

Theo tinh chét hinh binh hanh : OC=AB ; OA=CB
Tac6: AB+CD=0C+CD=0D (do OC=AB) (¥
AD+CB=0A+AD =0D (do OA=CB) (*¥)

Tir (*) va(**) ta suy ra diéu phai chitng minh.

SAl

Vay: AB+CD=AD+CB

Céach 5: G5

Goi M, N lan luot 1a trung diém cua AC va BD

Ta co:

ZW:(W\+E+W)+(M—C+@+W) KHONG HOP LE
=(W+W)+(W+W>+E+@=ﬁ+@

Tuong tu :

2Wz(W+ﬁ+ﬁ)+(MC+CD+ DN)

=(MA+MC)+(DN +BN )+ AB+CD = AB+CD
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Do d6: AB+CD=2MN = AD+CB

Vay : AB+CD=AD+CB

Céch 6: G6

Néu: AB+CD > AD+CB <> AB—AD >CB—CD < DB > DB (V0 Ii)
Néu: AB+CD< AD+CB <> AB—AD<CB-CD < DB<DB (V0 i)
Vay AB+CD =AD +CB

Cach7: @7

SAl

Néu: AB+CD > AD+CB < @+C—D+ﬁ>ﬁ+(@+8_d)=ﬁc>ﬁ>ﬁ(vé )
SAl

Néu E+ﬁ<ﬁ+6§<:>ﬁ+ﬁ+ﬁ<ﬁ+(@+ﬁ)zﬁ@ﬁ<ﬁ (vo 17

Vay AB+CD =AD +CB

Cach8: s
Néuﬁ+ﬁ>ﬁ+@©(ﬁ+ﬁ)+ﬁ>ﬁ+(§@ﬁ+ﬁ>@@@>@ (vo 1)

Néuﬁ+ﬁ<ﬁ+@@(ﬁ+ﬁ)+@<ﬁ+ﬁ©ﬁ+ﬁ<@@@<ﬁ(véIi)
. SAl
Vay AB+CD =AD +CB

Cach9: G9
Trén cac doan théng AC,BD lan luot Iéy céac diém M,N sao cho

MA ND vy
o X (x20:y 20
MC - NB X( y#0) KHONG HOP LE

Taco:

(x+Y).MN = xMN + yMN :x(m+ﬁ+m)+y(M—C+C§+m)
=(x.m+ y.W)+(x.m+ yBN)+x.ﬁ+ y.CB
Mat khac tir gia thiét d& thdy: xMA+y.MC =0 : x.DN+yBN =0

Do d6: MN :i.(x.ﬁ+ y.@)
X+Yy

Ching minh twong tw MN = L(xﬁ + y.ﬁ)
X+Yy

Vay rly(x.ﬁ+y.c—D):W=%y.(x.ﬁ+ y.@)

Tir d6 4p dung véi x=y=1thi AB+CD = AD+CB
Vay AB+CD =AD +CB

Cach 10: @10

Taco:

ﬁ+ﬁ+®+D—A’=A—’A=6@E+C—D’=—(ﬁi+D—A’):C—B’+E)’
Vay AB+CD=AD+CB  C4
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6. Nguyén Manh Dat - Nam Dinh sc/sc

Cach 1: Gl

Ta c6 vécto (AB) — vécto ( AD) = vécto (DB) (1)
Ciing c6 vécto (CB) —vécto (CD) = vécto ( DB) (2)
Tu (1) va (2) ta co:

Vecto (AB) — vécto( AD) = vecto (CB) —vecto(CD) < vécto (AB) + vécto(CD) = vecto (AD)+ vécto
(CB) .Vay ta c6 dieu phai chitng minh. C1

Cach2: @2
L4y O bat ki trong mit phang chira A, B, C,D
Ta cé:

Vécto (AB) = vécto (AO) + vécto (OB) (3)

Vécto( CD) = vécto ( CO) + vécto (OD) (4)

Vécto ( AD) = vécto (AO) + vécto (OD) (5)

Vécto ( CB) = vécto( CO) + vécto (OB)  (6)
Tur (3)va (4) co: :
Vécto (AB) + vécto (CD) = vécto ( AO) + vécto (OB) + vécto (CO) + véc to ( OD)
Tur (5) va (6) co:

Vécto (AD) + vécto ( CD) = vécto (AO) + vécto (OD) + vécto ( CO) + vécto (OB) = vécto (AO) +
vécto ( OB) + vécto (CO)+ vécto (OD) .

Do d6 vécto ( AB) + vécto ( CD) = Vécto (AD) + vécto (CB) .Vay ta c6 diéu phai chitng minh. C2
Cach 3: G3
Ta c6 :Vécto (AB) + vécto (BD) = vécto (AD)
Vécto (CD) = vécto (CB) + vécto (BD)
Do do6 : véc to (AB) + véc to ( BD) + vécto (CD) = vécto (AD) + véc to (CB) + véc to (BD)
=> vécto ( AB ) + vécto (CD ) = vécto (AD) + vécto (BD ). Vay ta c6 diéu phai chiing minh. 3

Page 17


ThuyAnh
Typewriter
G1

ThuyAnh
Typewriter
G2

ThuyAnh
Typewriter

ThuyAnh
Typewriter
G3

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter
C1

ThuyAnh
Typewriter

ThuyAnh
Typewriter
C2

ThuyAnh
Typewriter

ThuyAnh
Typewriter
C3

ThuyAnh
Typewriter

ThuyAnh
Typewriter
3G/3C

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter

ThuyAnh
Typewriter


7. Nguyén Vin Pat - Nam Pinh  1oc/sc
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8. Tran Thi Minh Tam - Pong Thap

2G/2C

Chuang minh ring: Vai bon diém bat ky A, B, C va D, ta ludn co:

AB+CD=AD+CB

BAI LAM
Cachl: G1
Ta co:
AB+CD=AD+CB
@(E—E)Jr(@—@):é
< DB+BD=0 1) c1

Vi DB va BD 14 hai vecto déi nhau nén dang thire (1) hién nhién dung.

Vay hé thtrc ban ddu AB+CD = AD+CB dung.

Céch 2: G2

Ta co:

AB+CD=AD+CB
@(A—C+Cﬁ)+ﬁ+ﬁ:ﬁ+ﬁ+ﬁ
< AD+CD+DB=AD+CD+DB

Hé thtrc cudi cung hién nhién dung.

Vay hé thtrc ban ddu AB+CD = AD+CB dung.
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9. Vii Ngoc Hoa - Pong Nai  sc/sc
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10. Nguyén Hiru Diing - Nam Dinh  7Grac

“Cudc thi giai toan bang nhiéu cach”
Ho va tén nguoi du thi: Nguyén Hiru Diing.
bia chi: Lop 10A3,truong THPT Tran Hung DPao - tp.Nam Dinh.Tinh Nam Dinh.
Sé dién thoai: ...61.
Pé bai: Ching minh véi 4 diém A,B,C,D ta ludn c6:
vecto AB+ vecto CD=vecto AD+vecto CB.
Gl ’ Bai giai:
Céch 1: cong them vao ca 2 veé vai vecto BD.
vecto +vecto CD=vecto AD+vecto CB.
< vecto AB + vecto BD + vectoCD = vectoAD + vectoCB + vectoBD.
& vectoAD+ vecto CD= vecto AD+ vecto CD (hién nhién).
Vay diéu phai ching minh 1a ding.  C1
Cach 2: Bién d6i vé trai gidng véi vé phai.
G2 vecto AB+vecto CD=vecto AD+vecto CB.
Xét VT: vecto AB+ vecto CD= vecto AO+ vecto OB+ vecto CO+ vecto OD.
= vecto AO+ vecto OD+ vecto CO+ vecto CB.
= vecto AD+ vecto CB.
Tathdy VT=VP —dpcm. C2
Céch 3:Bién d6i vé phai gidng véi vé trai.
G3=G2 vecto AB+vecto CD=vecto AD+vecto CB.
Xeét VP: vecto AD+ vecto CB= vecto AO+ vecto OD+ vecto CO+ vecto OB.
= vecto AO+ vecto OB+ vecto CO+ vecto OD.
= vecto AB+ vecto CD.
Ta thidy VP=VT —dpcm.
Céch 4:Chuyén vé 2 vecto tir vé phai sang vé tréi.
G4 vecto AB+vecto CD=vecto AD+vecto CB.
o vecto AB+ vecto CD—vecto AD—vecto CB=vecto O.
< vecto AB—vecto AD+ vecto CD—vecto CB=vecto O.
< vecto BD+ vecto DB=vecto O.
& vecto O=vecto O (hién nhién).

Vay diéu phai ching minh 13 dng.  C3

Céch 5:Chuyén 1 vecto tir VP sang VT (chuyén AD).

G5 Vecto AB+vecto CD=vecto AD+vecto CB .
< vecto AB+vecto CD—vecto AD=vecto CB.
< vecto AB+vecto CD+vecto DA=vecto CB.
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< vecto AB+vecto CA=vecto CB.
< vecto CA+vecto AB=vecto CB.
& vecto CB=vecto CB(hién nhién).
Vay diéu phai ching minh 1a ding. C4
Cach 6: Chuyén 1 vecto tir VT sang VP (chuyén vecto AD).
G6=G5  vecto AB+vecto CD=vecto AD+vecto CB .
< vecto AB+vecto CD—vecto AD=vecto CB.
< vecto AB+vecto DA+vecto CD=vecto CB.
< vecto AB+vecto CD+vecto DA=vecto CB.
< vecto AB+vecto CA=vecto CB.
< vecto CA+vecto AB=vectoCB.
o vecto CB=vecto CB (hién nhién).
Viy diéu phai chimg minh 1a ding.
Céch 7:Chuyén ddng thoi 1 vecto tir VT sang VP va 1 vecto tir VP sang VT.
G7=G4  Vecto AB+vecto CD=vecto AD+vecto CB .
< vecto AB—vecto AD=vecto CB—vecto CD.
& vecto DB=vecto DB (hién nhién).

Vay diéu phai ching minh 1a dung.
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11. Pham Tuin Nghia - Nam Pinh 11c/ec

Cl: Chuyén 1 vecto sang trai, mot vec to sang phai, s€ dugc hai \{é 14 hiéu cua hai véc to c6 chung hai
diém cuoi hay tong cuia hai véc to c¢6 chung diém dau va diém cuoi
AB+CD = AD +CB(1)
G1 (1) & AB—AD =CB-CD < DB =DB(dpcm) C1
G2 (1)< AB-CB=AD-CD < AB+BC=AD+DC < AC=AC C2

C2: Chuyén mét véc to sang phai hodc trai, nhom theo kiéu tong hai vecto c6 diém dau va cudi gidng
vecto vé con lai

AB+CD =E+C§(l)
G3=G2 (1) & AB+CD-CB = AD < AB+BD = AD < AD = AD
G4=G2 (1)@ﬁ+ﬁ—ﬁz@@ﬁ+ﬁ+ﬁz@@ﬁ+ﬁz@@@:@
C3: Phan tich mét vé thanh hai vecto con lai
Chi phan tich mot trong 4 vecto & hai vé
G5 AB+CD=AD+DB+CD=AD+CB(dpcm) C3
Phan tich ca 2 vecto & mot vé
G6=G5 AB+CD =AC+CB+CA+AD=AC+CA+AD+CB=AD+CB
C4: Chuyén hai vecto sang trai bién doi thanh vecto khdng
G7=G1 AB+CD-AD-CB=0<« (AB—AD)+(CD-CB) =0« DB+ BD = 0(dpcm)
C5: Thém mét bat ki O
G8  -Lién quan dén tong hai vecto
AB+CD :ﬁ+@(l)
(1) < AO+OB+CO+0D=A0+0D+CO+0B«<0=0 C4
G9  -Lién quan dén hiéu hai vecto
AB+CD =0B-0A+0D-0C
AD +CB =0D-0A+0B-0C
(1)@@—@+@—®:06—ﬁ+@—(f©5=6 C5
G10C6: Thém bét vao hai vé mot véc to
E+@=E+@(l)
< AB+(CD+BC)=AD+(CB+BC) < AB+BD = AD < AD = AD(dpcm) C6
G11C7: V& hinh
BE //CD vaBE =CD SAl
Khid6  AB+CD = AB+BE = AE(2)
BEDC 14 hinh binh hanh khi 46 CB = DE — AD +CB = AD + DE = AE(3)
Tur (2) va (3) > AB+CD=AD+CB .
Két luan: Day 1a mot bai toan rat hay, ¢6 nhiéu y nghia trong toan véc to. Tir ddy ta ¢6 thé 4p dung nhiéu
kien thic quy tac tam giéc, quy tac hinh binh hanh,...
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12. BOi Qudc Tuan - Nam Pinh  ac/zc
Dé bai:
Chtrng minh rang: V&i bén diém bat ky A, B, C va D ta ludn c6
AB+CD=AD +CBE
Cach giai 1: G1

Thit vay, 1y mét diém O tuy y ta ludn co:

ABE+CD=A0+4+0B+CO+0D=A0+0D+C0O+0B=AD +CE

Vay dang thirc da dwoc chirng minh C1
Céach giai 2: G2

Giasir: AB+CD=AD 4+ CB < AB-AD =CE-CD < DA+ AB =DC + CB & DE = DE ( didu
nay luén ludn ding ). Vay dang thirc da cho ludon dung => dpcm C2

Cach giai 3: G3

Thit vay, 1y mét diém Otuy y ta c6:
AB+CD=0B-0A+0D-0C =(0OB—-0C) + (OD —0A) =CB + AD
Vay dang thirc dwg chitng minh. C3

Cach giai 4: G4=G2

Ta co:

AB+CD=AD+CB

< AB-CB=AD-CD <> AC=AC

biéu nay ludén ludn ding, suy ra diéu phai chirng minh.
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13. Nguyén Thi Thanh Thiy - Nam Pinh  1c/1c

Gl
Ta co:
vectoAB+vectoCD=vectoAD+vectoDB+vectoCD+vectoDD
=vectoAD+(vectoDB-vectoDc)
=vectoAD+vectoCB

(Bpem) 1
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14. Vii Ngoc Anh - Quang Ninh sc/zc

Ho va tén nguoi du thi: Vii Ngoc Anh
Dja chi: T6 4- Khu Vinh Tuy 1, Thi trin Mao Khé, Huyén Pong Triéu, tinh Quang Ninh.
Sé dién thoai: ...57
* P& bai: Chung minh rang: Véi bén diém bat ky A, B, C va D ta ludn ¢6
AB+CD =AD +CB
Cach1: Gl
AALA4y mot diém O tly y, theo quy tic vé hiéu 2 véc to, ta co:
AB +CD = 0B — 04+ 0D — OC
AD +CB =0D — 04+ 0B — 0C
So sanh 2 ding thac trén ta suy ra; AB+CD =AD +CB ~ C1
Cach 2:
G2 +, Dung quy tic 3 diém viét:
AB = AD + BD

Do d6: AB+CD = AD + DB + CD

=AD +CD + DB

=AD +CB C2

G3=G2 ’ 7 ’
+, Dung quy tac 3 diém viet:
AD = AB + BD

Do d6: AD +CB = AB + BD + CB

= AB+CB + BD
= AB+CD

Céch 3:
Bién d6i vé tréi: G4=G2
AB+CD = AD + DB + CE + BD
=AD + CB +BD + DB
=AD + CB=VP
Bién d6i vé phai: G5=G2
AD + CB = AB + BD + CD + DB
=AB +CD +DB + BD
=AB+CD=VT
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15. Nguyén Puc Duy - HA Nam eoc/sc

D& bai: Chimg minh: 4B +CD = AD + CB

G1 Céch 1: Chuyén vé: AB— AD =CB-CD

< DB=DB Cl

G2 Céch2:Chuyénqvé:FP—E’:@’—E@@+D_A‘:@’+@@@:@ Cc2
G3 Cach 3: Xen diém, bién do1 vé phai :

(4D + DB)+ (CB + BD)= 4D+ CB < CB=CB  c3

G4=G3 Cach 4: Xen diém, bién d6i vé phai :

(4C+CB)+(Ci+4D)= 4D+ CB  CB+ 4D - AD+CB

G5=G3 Céch 5: Xen diém, bién ddi vé trai:

AB +CD = (AB + BD)+(CD + DB) < CD = CD

G6=G3 Céch 6: Xen diém, bién ddi vé trai:

AB +CD = (AC + CD) +(CA + AB)

G7 Cach 7: Xét diém O tiy v, ta co:

G8

G9

ZB.+CT).:E+CB @E+@+@+ﬁzﬁ+@+@+@ C4

Tir cach 3 dén cach 7 6 thé dung quy tic trir 2 vecto dé chimg minh. Néu coi nhu khac nhau thi
ta da co 12 cach, con néu coi khong khace voi 5 cach do thi ta da co 7 cach.

Cach 8: Goi D’ théa man: BD' = CD thi: BC+CD'=CD'+ D'D < CB = DD'

Khi d6: AB+CD = AB+BD'= AD'
AD +CB = AD+DD'= AD' C5
Suy ra dpem
Céch 9: Goi D’ thoa man: AD' = CD. Theo quy tic hinh binh hanh, ta cé:  |=»
AB+CD = AB+ AD'= Al (Di nhién van dung néu A, B, D’ thang hang)
Hién nhién: BI = AD'= CD. Do d, ching minh turong tu cach 8 ta dugce:
CB = DI

Dods: AD+CB=AD + DI = Al

Suy ra dpcm
Cac cach ndi trén (9 cach hodc 9+5=14 cach) da st dung cac phép toan tir don gian dén ky nang
dung tong cac vecto phire tap hon. Tuwong tur cho cach 8 1a ta ¢6 thé dung hiéu vecto. Noi tom lai
co kha nhiéu cach ¢/m bai todn trén. Trén day, tac gia chi tam néu mat vai cach tam goi 1a don

gidn, ngoai ra con co cac cach bién doi phtrc tap khac nita. Vecto that tha vi va cling kho, phai
khong?
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Gl

G2

16. Nguyén Hoang Viét - Nam Pinh zac/sc

Ho va tén Nguyén Viét Hoang

Dia chi 10A3 THPT Tran Hung Pao ,TP Nam DPinh

S6 dién thoai: ...36

BAI LAM

Pé bai Véi 4 diém A,B,C,D taludn c6 AB+cCD = AD+CB (da 1am 24 cach)
Cach 1 AB+CD=A0+0B+CO+0D
AD+CB=A0+0D+CO+0B=A0+0B+CO+0D=VT

— AB+CD=AD+CB C1

Cach2/ AB+CD = AD+DB+CD = AD+(CD+DB)=AD+CB

— AB+CD=AD+CB C2

G3=G2 Céch3/ AB+CD = AB+CB+BD = (AB+BD)+CB=AD+CB

G4

G5

— AB+CD=AD+CB
Cach4/ AB+CD = AD+CB
< AB-AD=CB-CD

< DB = DB(ding)

< dpem  C3
Cach5/AB+CD = AD+CB
< AB-CB=AD-CD

< AC = AC(PUNG)

< dpem C4

G6=G2Céach6/ AD +CB = AB+BD+CB = AB+(CB +BD) = AB+CD

= dpcm

G7=G2Céach7/ AD+CB=AD+CD+DB=AD+DB+CD=AB+CD

= dpcm

G8=G4 Céch8/ AB+CD = AD +CB

G9

< AB+CD-AD-CB=0

< (AB—AD)+(CD-CB) =0

< DB+BD=0

< DD :6(d12ng)

< dpem

Cach9/ AB+CD = AD+CB

< AB-AD+CD=AD-AD+CB
< DB+CD=CB

< CB =CB(ding)

< dpecm C5
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G10 Céachl0/AB+CD =AD+CB
< AB+DC+CD=AD+DC+CB
< AB+DD=AC+CB
< AB+0=AB
< AB = AB(duing) C6
G11=G10Cé4ch11/ AB+CD = AD+CB < AB+BC +CD = AD+CB+BC
< AC+CD=AD+BB
< AD=AD+0
< AD = AD(diing)
G12=G9 Céch12/ AB+CD = AD +CB
< AB-CB+CD=AD+CB-CB
< AC+CD=AD
< AD = AD(diing)
< dpem
G13=G9Cach13/ AB+CD = AD +CB
< AB+CD-AB-CD=AD+CB-AB-CD
< (AB-AB)+(CD-CD) = (AD - AB) + (CB-CD)
< 0=BD+DB
< 0= BB(dung)
< dpem
G14=G8cach14/ AB+CD = AD +CB Sau khi chen them vecto MN, ta thu duoc dang thuc ban dau!!!
< AM + MN + NB+CD = AM + MN + ND +CB
< NB+CD=ND+CB
< NB-ND=CB-CD
<> DB = DB(duing0)
< dpem
Cachl5/ AB+CD = AD+CB G15=G14, khi N=M
< AM +MB+CD = AM +MD +CB
< MB+CD=MD+CB
< MB-MD =CB-CD
< DB = DB(ding)
< dpem
Cachl6/ AB+CD=AD+CB G16=G14
< AB+CM +MD = AD+CM + MB
< AB+MD = AD + MB
< AB—AD = MB-MD
< DB = DB(ding)
< dpem
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Cachl7/AB+CD=AD+CB G17
< AM +MN +NB+CM +MN + ND = AM + MN + ND+CM +MN + NB
< AM +MN +NB +CM +MN + ND = AM + MN + NB +CM + MN + ND(duing)
< dpem C7
Cachl8/ AB+CD=AD+CB G18=G14
< MB-MA+CD =MD-MA+CB
< MB+CD=MD+CB
< MB-MD=CB-CD
< DB = DB(duing)
< dpem
Céchl9/ AB+CD=AD+CB G19=G18
< AB+(ND—-NC) = AD+(NB—-NC)
< AB+ND-NC = AD+NB-NC
< AB+ND = AD+NB
< AB—AD =NB-ND
< DB = DB(ding)
< dpem
G20 Cach20/ AB+CD = AD +CB
< MB-MA+MD -MC =MD -MA+MB-MC
< MD - MA+ MB - MC — MD — MA + MB — MC(diing)
< dpem C8
Cach21/ AB+CD=AD+CB  G21=G20, viec them diem N khong can thiet
< MB—MN —NA+MD-MN —NC = MD —MN — NA+MB - MN —NC
< MD—MN —NA+MB—MN —NC = MD — MN — NA+ MB — MN — NC(diing)
< dpem
Cach22/ AB+CD = AD+CB G22=G18, viec them diem N khong can thiet
< MB-MN -NA+CD =MD-MN-NA+CB
< MB+CD=MD+CB
< MB-MD=CB-CD
< DB = DB(ding)
< dpcm
Cach23/ AB+CD =AD+CB G23=G22
< AB+MD—-MN - NC = AD+MB-MN -NC
< AB+MD = AD + MB
< AB—AD = MB-MD
< DB = DB(ding)
< dpcm
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G24 Céach24/AB +CD = AD +CB G24=G20
< (MB—-MA) + (ND - NC) = (MD - MA) + (NB — NC)
< MB-MA+ ND-NC =MD-MA+NB-NC
< MB+ ND =MD + NB
< MB-MD =NB-ND
< DB = DB(dung)
< dpem
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17. Vii Tra My - Nam Dinh 12G/aC

Gl

G2

G3

G4=G3
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G10=G7
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18. Tran Xuan Pic - Nam Dinh 2c/zc
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